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We investigate the spetral and loalization properties of unmagnetized Heisenberg-Mattis spin
glasses, in spae dimensionalities d = 2 and 3, at T = 0. We use numerial transfer-matrix methods
ombined with nite-size saling to alulate Lyapunov exponents, and eigenvalue-ounting theo-
rems, oupled with Gaussian elimination algorithms, to evaluate densities of states. In d = 2 we nd
that all states are loalized, with the loalization length diverging as ω−1, as energy ω → 0. Loga-
rithmi orretions to density of states behave in aordane with theoretial preditions. In d = 3
the density-of-states dependene on energy is the same as for spin waves in pure antiferromagnets,
again in agreement with theoretial preditions, though the orresponding amplitudes dier.
PACS numbers: 75.10.Nr, 75.40.Gb, 75.30.Ds
I. INTRODUCTION
The study of low-lying magneti exitations in
quenhed disordered systems presents a number of hal-
lenges. While the absene of translational invariane is
a ompliator arising in all aspets both of stati and
dynami behavior of inhomogeneous magnets, investiga-
tion of spin waves is made even harder beause, in many
ases of interest, the exat ground state onguration is
not known.
One way around the latter obstale has been to resort
to simplied model systems for whih the exat ground
state is known, but whih nevertheless still display non-
trivial dynamial features. Suh features, it is expeted,
may shed light on the behavior of their experimentally-
realized, rather more omplex, ounterparts.
Here we deal with vetor spin glasses, i. e., Heisen-
berg spins with ompeting ferro and antiferromagneti
interations. It is known that the simplest realization
of the Edwards-Anderson piture, where one has equal
onentrations of positive and negative nearest-neighbor
bonds of equal strength, leads (in latties of spae di-
mensionality d > 1) to frustration and, onsequently, to
a marosopially degenerate (lassial) ground state.
The drawbak just desribed does not arise in Mattis
spin-glasses, where the Mattis transformation
1
gauges
away disorder eets, as far as most stati aspets are
onerned. It is known that the Mattis transformation
does not remove the disorder eets in the dynamis of
these so-alled Heisenberg-Mattis spin glasses, whih is
non-trivial. Indeed, investigations of spin-wave propa-
gation in suh systems
2,3,4,5,6,7
have unveiled many fea-
tures whih stand in stark ontrast, e.g., to the Halperin-
Saslow (hydrodynami) piture
8
of a linear dispersion re-
lation for low-energy exitations.
Here, we shall assume that the spin magnitude is |S| ≫
1, so that quantum utuations an be safely negleted6,7
(lassial limit).
An alternative to using the Mattis piture an be pur-
sued by studying usual spin glasses (i.e. with random ±J
bonds) in the high-eld limit, as this additional feature
stabilizes a ferromagneti-like ground state while still in-
orporating quenhed (bond) disorder
9,10,11
. However,
results thus obtained dier rather drastially from those
pertaining to the zero-eld ase. In fat, it has been
found that, even in zero eld and spae dimensionality
d = 1 where frustration eets are absent, unmagne-
tized spin glasses (i.e. in whih the onentrations of
ferro- (p) and antiferromagneti (1− p) bonds are equal)
dier substantially from their magnetized (p 6= 1/2)
ounterparts
12
.
In this paper, we investigate the spetral and loal-
ization properties of Heisenberg-Mattis spin glasses. Our
emphasis is on unmagnetized systems in spae dimension-
alities d = 2 and 3, at T = 0. We use numerial transfer-
matrix methods to alulate Lyapunov exponents
12,13,15
,
and eigenvalue-ounting theorems, oupled with Gaus-
sian elimination algorithms
16,17
, to evaluate densities of
states. Though early numerial studies
4,5
already high-
lighted a number of distintive features exhibited by suh
systems, motivation for further researh is to be found
in reent theoretial insights
7,18
, espeially in onnetion
with the low-energy, long-wavelength regime.
In Setion II we reall pertinent aspets of Heisenberg-
Mattis spin glasses. Setion III reports on an extension,
to d = 2 and 3, of the analytial saling tehniques intro-
dued in Ref. 6 for d = 1; in Setion IV we report numer-
ial alulations of Lyapunov exponents and of densities
of states, for d = 2 and 3. Finally, in setion V, onlud-
ing remarks are made.
2II. HEISENBERG-MATTIS SPIN GLASSES
We onsider Heisenberg spins on sites of a square, or
simple-ubi, lattie, with nearest-neighbor ouplings:
H = −
∑
〈i,j〉
Jij Si · Sj (1)
The bonds are randomly taken from a quenhed, binary
probability distribution,
P (Jij) = p δ(Jij − J0) + (1− p) δ(Jij + J0) , (2)
so for p = 1/2 one has the unmagnetized spin glass.
The Mattis model asribes disorder to sites rather than
bonds (Jij → J0 ζi ζj), so that the Hamiltonian reads:
HM = −J0
∑
〈i,j〉
ζi ζj Si · Sj , (3)
where ζi = +1 (−1) with probability p (1−p). This way,
the overall energy is minimized by making Szi = ζi S,
whih onstitutes a (lassial) ground state of the Hamil-
tonian Eq. (3), to be referred to as | 0〉. Thus, disorder is
eetively removed from stati properties, but not from
the dynamis, beause of the handedness of Heisenberg
spin ommutation relations. Indeed, onsidering low-
energy exitations, the equations of motion for the spins
are, with ~ = 1:
i dS−i /dt =
∑
j
J0 ζi ζj
(
S−i S
z
j − S
−
j S
z
i
)
, (4)
where S±i = S
x
i ± i S
y
i et and j are nearest neighbors of
site i. So, putting vi ≡ ζi S
−
i , one gets
6
, upon appliation
of Eq. (4) to | 0〉 :
i ζi dui/dt =
∑
j
J0 (ui − uj) . (5)
where the ui are Mattis-transformed loal (on-site) spin-
wave amplitudes. For the eigenmodes with frequeny ω
(in units of the exhange onstant J0), Eq. (5) leads to
ω ζi ui =
∑
j
(ui − uj) . (6)
Goldstone modes are expeted to our, sine disorder
does not destroy the symmetry of the system in spin
spae
18
. The relationship of frequeny to wave number,
k, at low energies is haraterized by the dynami expo-
nent z:
ω ∝ kz . (7)
In d = 1, where the sattering length oinides with the
loalization length
7
, the denition of k is unique. In-
deed, numerial alulations
10,12,13
of the d = 1 density
of states and of the Lyapunov exponent point to the same
value z = 3/2, predited analytially6. For d > 1 this
degeneray is expeted to be lifted. As we shall see be-
low, dierent exponents ome up, depending on whether
loalization or density-of-states properties are being on-
sidered.
III. SCALING
We briey review the treatment of one-dimensional
systems, given in Ref. 6. In this ase, Eq. (6) beomes
(2 − ζi ω)ui = ui−1 + ui+1 . (8)
A transfer-matrix (TM) approah
14,15
, an be formu-
lated, giving
6,12,13
:
(
ui+1
ui
)
=
(
2− ζi ω −1
1 0
)(
ui
ui−1
)
= Ti(ω)
(
ui
ui−1
)
.
(9)
The allowed frequenies for a hain with N spins and pe-
riodi boundary onditions, uN+1 ≡ u1, are determined
by det (ΛN − 1) = 0, where
ΛN (ω) =
N∏
i=1
Ti(ω) ; (10)
equivalently, the ondition TrΛN = 2 determines the
eigenfrequenies. Saling the system by a linear dilation
fator b, the dynamis is preserved if the frequenies are
transformed (ω → ω′), in suh a way that
TrΛN(ω) = TrΛN/b(ω
′) . (11)
Using properties of the matries Ti(ω), one nds
6
that
the rst-order term (in ω) of TrΛN(ω) has a oeient
equal to N
∑N
i=1 ζi. Therefore, orrespondene of the
{ζi} with an unbiased random-walk makes the determin-
ing variable ωN3/2, so that the (length) saling of the
frequenies is ω′ = ω b3/2, and the low-energy disper-
sion relation Eq. (7) has an anomalous power (dynami
exponent) z = 3/2. In fat, areful onsideration of
higher-order terms
6
shows that the ombination N3/2 ω
is present to all orders, thus saling is expeted to hold
even away from the ω → 0 region (though not the single
power-law form, Eq. (7)).
A suitable framework for extensions of this treatment
to spae dimensionalities d > 1 is found in quasi one di-
mensional geometries, i.e. Ld−1×N systems withN ≫ 1.
In what follows, we shall always make use of periodi
boundary onditions aross the d − 1 transverse dire-
tions.
Considering d = 2 for simpliity, a TM an be set up
on a strip of width L sites, so an L- omponent vetor
~ui = (u1i, · · · , uLi) orresponds to eah olumn i along
the strip, with the reursion relation
(
~ui+1
~ui
)
= T 2di (ω)
(
~ui
~ui−1
)
, (12)
where
T 2di (ω) =
(
Mi −I
I 0
)
Mi = a− ωbi , (13)
3I being the L × L identity matrix, while a and bi are
given by:
a =


4 −1 0 · · · −1
−1 4 −1 · · · 0
· · · · · · −1
−1 0 · · · −1 4

 ; bi =


ζ1i 0 · · · 0
0 ζ2i 0 · · ·
· · · · · · 0
0 · · · 0 ζLi

 .
(14)
Hene,
T 2di (ω) =
(
a −I
I 0
)
− ω
(
bi 0
0 0
)
≡ A− ωBi . (15)
Generalizations to higher d are immediate, with the ve-
tor ~ui now having L
d−1
omponents, and the matries
I, a and bi being L
d−1 × Ld−1. The (2Ld−1 × 2Ld−1)
matrix Ti is sympleti, that is, its eigenvalues our in
pairs {νi, ν
−1
i }, i = 1, . . . , L
d−1
. Note that matrix A is
sympleti as well.
For d > 1, a feature whih does not our in the one-
dimensional ase is that there are transverse momentum
modes. Returning to d = 2 for illustration, these are in-
deed the eigenmodes of matrix a in Eq. (14), with orre-
sponding energies εp = 4−2 cos 2πp/L, p = 0, 1, . . . , L−1.
We briey make ontat with the analogous ase of
a homogeneous system of length N , for whih b = I,
[a, b] = 0, and the eigenstates of a are also eigenstates
of the full hamiltonian, with ωpq = εp − 2 cos 2πq/N ,
q = 0, 1, . . . , N − 1. This reminds us that, in d > 1, the
energy of a mode is not related only to its longitudinal
wavevetor, as is the ase in d = 1. Upon introdution of
randomness, the ommutation relation is destroyed (on-
trary to the one-dimensional ase where both a and b
are numbers) and, onsequently, the interplay between
frequeny- and wavevetor- aspets an only be measured
via the aumulated statistis of many loal realizations
of disorder. Therefore, in d > 1 one may expet the
piture of a single length ontrolling both (spatial) at-
tenuation and (time) osillation damping
6
, whih holds
for d = 1 spin glasses, to be replaed by one where eah
of these properties is governed by a distint quantity.
We now return to spin glasses. From the eigenve-
tors of a, spinor generalizations an be built, whih are
eigenvetors of A, with eigenvalues (νp, ν
−1
p ) indexed by
p; one an show that νp + ν
−1
p = εp. While suh spinors
are obviously not eigenvetors of B, the ontribution
given by eah diagonal element of T 2di (ω), orrespond-
ing to xed p, to the trae of Λ2dN (ω) ≡
∏N
i=1 T
2d
i (ω), an
be worked out to rst order in ω. Use is made of the fat
that, analogously to the d = 1 ase6,
N∏
ℓ=1
T 2dℓ (ω) = A
N − ω
N∑
ℓ=1
Aℓ−1BℓA
N−ℓ +O(ω2) . (16)
The result is:
Tr (p)
N∏
ℓ=1
T 2dℓ (ω) = ν
N
p + ν
−N
p −
−ω
(νNp − ν
−N
p )
νp − ν
−1
p
N∑
ℓ=1
L∑
m=1
1
L
ζmℓ +O(ω
2) , (17)
where Tr (p) denotes the joint ontribution of both eigen-
spinors of A indexed by p (assoiated respetively to
eigenvalues νp and ν
−1
p ).
The ritial (large sale) behavior is assoiated with
small p, in whih ase νp, ν
−1
p → 1, and Eq. (17) turns
into:
Tr (p)
N∏
ℓ=1
T 2dℓ (ω)→ 2− ωN
N∑
ℓ=1
1
L
L∑
m=1
ζmℓ +O(ω
2) .
(18)
One an readily see that, for generi d > 1, this trans-
lates into:
Tr (p)
N∏
ℓ=1
Tℓ(ω)→ 2−
−ωN
N∑
ℓ=1
(
d−1∏
i=1
1
Li
Li∑
mi=1
ζm1···md−1ℓ
)
+O(ω2) . (19)
In the seond term of Eq. (19), one has a sum of N×L1×
· · · × Ld−1 binary random variables, so this is gaussian
distributed with rms value:
ωN∏d−1
i=1 Li
(
N
d−1∏
i=1
Li
)1/2
=
ωN3/2(∏d−1
i=1 Li
)1/2 . (20)
Upon saling of linear dimensions by a fator b, under
whih frequeny sales as ω → bz ω, and requiring invari-
ane of the term given in Eq. (20) (see Eq. (11)), one
gets:
z = 2−
d
2
=


3
2 d = 1
1 d = 2
1
2 d = 3
. (21)
Consideration of the terms in Eq. (18) of higher than rst
order in ω shows that, unlike the d = 1 ase, the trae
of the full TM is not just a funtion of the variable given
in Eq. (20), beause ompliated sums our, involving
both longitudinal and transverse wave vetors.
This is in line with the reasoning presented above, to
the eet that the simultaneous presene of both longi-
tudinal and transverse degrees of freedom invalidates the
single-length piture, predited analytially
6
and numer-
ially onrmed
10,12,13
for d = 1.
While it is plausible to expet that, for some low-
energy regime in d > 1 the saling result, Eq. (21) might
hold true, diret veriation is alled for.
4Figure 1: Saling plot for loalization lengths on strips of
a d = 2 system, against ω Lz , with z = 1 as predited in
Eq. (21). Strip widths L as given by symbols. Line orre-
sponds to y ∝ x−2/3 and is a guide to the eye, showing how
the eetive d = 1 regime sets in for very low energies. Insert:
unsaled data for L = 4 and 14.
IV. NUMERICAL ANALYSIS
A. Lyapunov exponents
The proedure for alulating Lyapunov exponents on
strips or bars is the same as that used for Anderson lo-
alization problems
15
. Indeed, in both ases the TM is
sympleti, and one an use Oselede's theorem and dy-
nami ltration to extrat the smallest Lyapunov expo-
nent, whose inverse is the largest loalization length. For
Heisenberg spin-glass hains, this has been done
12,13
, nu-
merially onrming the result z = 3/2 obtained analyt-
ially in Ref. 6.
We have investigated strips of widths L = 4, 6, · · · , 14
in d = 2, in whih for eah energy ω we took N = 106
iterations of the TM, and bars with L× L ross-setion,
L = 4, 6, 8, 10 in d = 3. In d = 3 we used N = 106 for
L = 4, 6, 5× 105 for L = 8, and 1× 105 for L = 10.
In ontrast with d = 1, here one must take into aount
nite-size eets, introdued via the transverse dimen-
sion L, thus alulated loalization lengths are denoted
by λL. Using standard nite-size saling theory
19
, it is
expeted that the behavior of saled loalization lengths
λL/L, when plotted against ω L
z
, will allow one to infer
the bulk (L→∞) properties of the system.
In Fig. 1 we see that in d = 2 good data ollapse,
extending as far as x ≡ ω Lz ≃ 0.3, is ahieved when z =
1, as predited in Eq. (21). At the low-energy end, x .
0.03, the quasi-one dimensional harater of the strips
Figure 2: Saling plot for loalization lengths on bars of a
d = 3 system, against ω Lz , with z = 1/2 as predited in
Eq. (21). Bar ross-setions are L × L, with L as given by
symbols. Line orresponds to y ∝ x−2/3 and is a guide to the
eye, showing how the eetive d = 1 regime sets in for very
low energies. Insert: unsaled data for L = 4 and 10.
begins to dominate, and the saling urve rosses over to
the eetive d = 1 regime haraterized by ω ∼ k3/2.
In Fig. 2 the saling plot for d = 3, with z = 1/2
as predited in Eq. (21), is exhibited. The quality of
data ollapse is remarkably inferior to that of d = 2
data. An examination of the behavior of λL/L against ω
shows that urves orresponding to pairs L,L − 2 have
well-dened rossings at low energies ω . 0.05. The
usual interpretation of these, in the nite-size saling on-
text, would point to a loalization-deloalization transi-
tion
15,19
. However, we have found that the loations of
rossings appear to approah ω = 0 with inreasing L.
This would be onsistent with the idea that all magnons
are deloalized in d = 3, whih is supported, e.g., by
the eld-theoretial results of Ref. 7. We postpone a dis-
ussion of this point (and similar ones assoiated to the
behavior found above for d = 2), to Setion V.
B. Densities of states
The alulation of densities of states per unit en-
ergy interval (DOS), D(ω), and their integrated oun-
terparts (IDOS), N(ω) =
∫ ω
−∞D(ω
′) dω′, makes use of
eigenvalue-ounting theorems
20,21,22
. Our implementa-
tion resorts to Gaussian elimination algorithms on quasi
one-dimensional geometries (Ld−1 × N , with N ≫ L),
and losely follows the steps desribed in Refs. 16,17
where the systems under investigation were, respetively,
5Figure 3: Double-logarithmi plot of density of states D(ω) for
spin-glass hain, alulated by Gaussian elimination. Chain
length N = 107 sites. Thik line is the exat Derrida-Gardner
result
23
(with oeient doubled, on aount of dierent nor-
malization, see text).
phonons in disordered solids, and tight-binding eletrons
(Anderson loalization). The key feature shared between
these problems and the one studied here is the fat that,
for an Ld−1 × N system with periodi boundary ondi-
tions aross, the hamiltonian has a (2×Ld−1 + 1)- diag-
onal form, i.e., it an only have non-zero elements in the
Ld−1 lines above, and Ld−1 lines below, the diagonal.
We onsider the harateristi matrix, whih in the
present ase is C = ζω I − H, where ζω I is a diago-
nal matrix with [ζω I]jj = ζj ω (j = site index), for an
Ld−1 × N system. Evaluation of its diagonal elements
via Gaussian elimination enables one to obtain the IDOS
for any energy
16,17
, thus the DOS may be alulated by
numerial dierentiation.
For d = 1 the eigenvalue ounting (used., e.g., in
Ref. 12), may, alternatively, proeed via enumeration of
nodes of the amplitude ratios whih enter the evalua-
tion of the (single) Lyapunov exponent
10,13
. In order to
test our reursion and elimination algorithms, we applied
them to this ase and ompared the outome with that
from node-enumeration . Results are idential to within
numerial auray, and the set produed by Gaussian
elimination is depited in Fig. 3. By sampling ener-
gies separated by logarithmially uniform intervals, we
ahieved a detailed view of the ω → 0 region, whih is
diult to isolate in the orresponding DOS results of
Refs. 10,12,13 (where linear binning was used). One sees
that the relationship D(ω) ∝ ω−1/3 is valid for more
than two orders of magnitude in energy, up to ω ≃ 0.3.
For guidane, we have also inluded the exat Derrida-
Gardner result
23
. Sine we have onsidered only positive
energy states in our alulation, the appropriate propor-
tionality oeient is twie that given in Ref. 23.
For higher-dimensional ases, is is worth mentioning
that the algorithms used here are muh less omputa-
tionally intensive than their Lyapunov-exponent ounter-
parts. For an Ld−1 ×N system, the omputational time
rises as L3(d−1)×N for the former17, and approximately
as L5(d−1) × N for the latter. This is mainly beause
of the frequent mutual orthogonalization of 2 × Ld−1
iterated vetors, whih is neessary in order to avoid
ross-ontamination between eigenvetors assoiated to
dierent Lyapunov exponents. Therefore, for DOS and
IDOS it is usually possible (exept for very low energies in
d = 3, see below) to work with systems whose transverse
dimensions L are large enough that nite-size eets are
of little import. It remains only to make sure that the
sample length N is long enough, in order to ahieve ad-
equate sampling of quenhed disorder ongurations.
We examined the eet of nite transverse dimensions,
by evaluating pure-system quantities and omparing our
results to the exat ones. Though, having zero net mag-
netization, the spin glasses studied here are loser to an-
tiferromagnets (AF) than to homogeneous ferromagnets
(FM), the DOS and IDOS of magnons in the latter ex-
hibit some distintive features, whose numerial repro-
dution is a non-trivial test of the adequay and auray
of our methods. For FM in d = 2, already with L = 25,
N = 2500 the IDOS is at most 3% o the exat value.
This largest disrepany happens lose to ω = 4 where
the analytial IDOS exhibits an inetion point, on a-
ount of the DOS's logarithmi Van Hove singularity at
the band enter. Inreasing L or N does not signiantly
redue the deviation lose to ω = 4; however, it does
improve agreement elsewhere on the energy axis. The
alulated DOS is rather sensitive to disrete-lattie ef-
fets; nevertheless, the onsequent osillations are again
muh diminished by inreasing L, N . For d = 3 FM, the
relatively featureless IDOS is easier to reprodue. With
L = 16, N = 25600, deviations are down to, at most,
1.5% (though the DOS still displays somewhat large os-
illations, espeially around the knees at ω = 4 and 8).
Fig. 4 shows representative results, whih are useful as
guidelines for the investigation of disordered systems in
d = 2 and 3 via Gaussian elimination.
Turning to pure AF systems, for whih the respetive
bandwidths are ωAF0 = 4 (d = 2), and 6 (d = 3), again
relatively small transverse dimensions L provide results
whih losely follow the analyti values, exept at very
low ω. In this limit, the fat that the nite L quan-
tizes the transverse momentum leads to eetive one-
dimensional behavior (D(ω) ∼ ω0, N(ω) ∼ ω1) for ω
less than a rossover frequeny ωm ≡ AAF(d)/L
z
, z = 1.
With the units used in this work, we found AAF(2) ≃ 12,
AAF(3) ≃ 20. The eet is more pronouned here than
for FM, where z = 2 and, onsequently, the onset of this
sort of behavior ours at muh lower energies. Fig. 5
highlights the worst ase of d = 3. For ompleteness, the
6Figure 4: DOS (D(ω)) and IDOS (N(ω)) for pure FM sys-
tems against normalized energy ω/ω0: analytial (lines) and
alulated by Gaussian elimination (points). Dashed lines
and triangles: D(ω); full lines and squares: N(ω). (a): d = 2,
L = 100, N = 50000. (b): d = 3, L = 16, N = 25600.
The pure-system (FM) bandwidth is ωF0 = 8 (d = 2), and 12
(d = 3).
inset of Fig. 5 shows that, even for L = 16 where these
low-energy disrepanies are rather severe, agreement
with analytial forms is quite satisfatory elsewhere.
We now return to disordered systems. In Fig. 6, results
for the Mattis spin glass in d = 2 are presented. We used
L = 250, N = 2.5×106. The number of sites entering the
alulation was more than one order of magnitude larger
than in that for a pure FM, whose result is exhibited
in Fig. 4 (a). From examination of shorter runs for the
disordered ase, it appears that the features displayed in
Fig. 6 are rather stable and well-onverged. For this value
of L, the rossover to one-dimensional behavior, referred
to above, is onned to ω . 0.05, leaving a broad win-
dow at low energies for whih genuine two-dimensional
behavior an be observed. The main distintions of the
IDOS from its pure-system (FM and AF) ounterparts
are: (i) lose to ω = 4, the upper limit of the AF band,
the FM IDOS's inetion point is replaed by a seem-
ing knee, with a short at setion; and (ii) saturation
is reahed below the FM band edge ωF0 = 8, but above
the AF edge ωAF0 = 4; by ω = 6.7 the IDOS is already
within less than 1% of unity. Similar eets an be seen
in early numerial work
5
, though in that Referene sat-
uration appears to be reahed only above the FM band
edge, at ω ≃ 9.0.
It has been predited
3,7
that, sine d = 2 is the rit-
ial dimensionality in this ase
18
, the two-dimensional
spin glass will behave as a pure (AF) system (namely,
Figure 5: Low-energy IDOS, N(ω), for pure AF in d = 3
against energy ω: analytial (full line) and alulated by
Gaussian elimination on L2×N systems, N = 500L2 (points,
onneted by dashed lines). Triangles: L = 16; squares:
L = 20; irles: L = 24. Inset: full-band IDOS (same axes as
main Figure). Analytial (full line), and Gaussian elimination
with L = 16 (triangles).
Figure 6: DOS (D(ω)) and IDOS (N(ω)) for Mattis spin
glass in d = 2, against energy ω, alulated by Gaussian
elimination. Triangles: D(ω); squares: N(ω). L = 250,
N = 2.5× 106.
7D(ω) ∼ ω1, N(ω) ∼ ω2), with logarithmi orretions.
At low frequenies, the real part of the dispersion rela-
tion is expeted to follow the expression
3,7
:
Re ω ∝
p√
log
(
Λ
p
) , (22)
where Λ is a momentum uto, reiproal to the mini-
mum wavelength of magnons. From Eq. (22), one an
work out the predited behavior of the IDOS at low en-
ergies. This turns out to be:
N(ω) ∝ ω2 ln
(
Ω
ω
)
, (23)
where Ω is a uto frequeny, orresponding to the mo-
mentum uto Λ.
We have tested the predition, Eq. (23), against our
data, with the results shown in Fig. 7. A t of the raw
data (rosses in Fig. 7) to pure power-law behavior gives
N(ω) ∼ ωx, with the eetive exponent x ≃ 1.62. On the
other hand, plotting N(ω)/ ln(Ω/ω) against ω2 (squares
in Fig. 7) removes just about all the urvature, provided
that a suitable value of Ω is used. A linear least-squares
t of data for 0.05 ≤ ω ≤ 0.5 (shown as a full line in
Fig. 7) gives Ω = 5.8(1), broadly onsistent with the ef-
fetive bandwidth & 6.7 found above . Keeping Ω = 5.8,
and tting N(ω)/ ln(Ω/ω) to a power law dependene
over the full interval 0.05 ≤ ω ≤ 1.0, would give an ee-
tive power x ≃ 1.04.
We undertook similar alulations for the Mattis spin
glass in d = 3. Sine one is above the ritial dimension-
ality in this ase
3,18
, the three-dimensional spin glass is
expeted to behave as a pure (AF) system, at least at
low energies and long wavelengths (namely, D(ω) ∼ ω2,
N(ω) ∼ ω3).
Similarly to the pure d = 3 AF, for the ranges of
L within relatively easy reah of our alulations, the
low-frequeny spetrum exhibits a rossover towards one-
dimensional behavior. With the terminology introdued
above, this happens for ω . ωm, ωm = ASG(d)/L; by
examining the sequene L = 16, 24, 30, 36, we estimate
ASG(3) ≃ 11, just over half the orresponding value for
pure AF. Thus, suh eets are one more onned to low
energies. We have found that, for ω & 1.2, the L = 16
urve is within less than 3% of those orresponding to
larger L, whih are grouped together even more tightly.
Fig. 8 presents an overall piture of results, for L = 16,
N = 2.56 × 106. Again, early saturation ours. The
IDOS is within 0.1% of unity by ω = 9.4, just over three-
quarters of the FM band width ω0 = 12. A kink, similar
to the one ourring in d = 2 but less intense, arises lose
to the enter of the FM band (and top of the AF one),
ω = 6. Both features show up in Ref. 4, though with
saturation ourring at a slightly higher energy (but still
within the FM band).
The low-energy behavior is shown in Fig. 9. For L = 36
we have found that least-squares ts of our alulated
Figure 7: IDOS (N(ω)) for Mattis spin glass in d = 2, for low
energies, against ω2, alulated by Gaussian elimination. L =
250, N = 2.5× 106. Crosses: N(ω); squares: N(ω)/ ln(Ω/ω),
with Ω = 5.8 [see Eq. (23), and text℄. Full line is a linear
least-squares t to data for 0.05 ≤ ω ≤ 0.5.
Figure 8: DOS (D(ω)) and IDOS (N(ω)) for Mattis spin
glass in d = 3, against energy ω, alulated by Gaussian
elimination. Triangles: D(ω); squares: N(ω). L = 16,
N = 2.56× 106.
8Figure 9: Double-logarithmi plot of IDOS (N(ω)) for Mattis
spin glass in d = 3, for low energies, against energy ω, alu-
lated by Gaussian elimination. Squares: alulated points,
L = 36, N = 6.48 × 105. The straight line is a power-
law t with slope 2.97 (from least-squares t of data for
0.45 ≤ ω ≤ 1.0). Also shown is IDOS for pure AF, alu-
lated for a ube with 1003 sites.
data (exluding the very low-energy intervals where one-
dimensional behavior takes over) give z = 2.97(5), if
we keep to ω ≤ 1.0; inluding higher energies (e.g.
ω . 2.5 − 3.0) results in a slight derease of eetive
exponents, down to z ≃ 2.75. On the other hand, ts of
the numerially-evaluated analyti IDOS for a ube with
1003 sites (shown in Fig. 9), when restrited to ω ≤ 1.5,
give an eetive z = 2.82(1); it is only when the upper
limit is raised to ω = 3.0 that one reahes z = 2.99(1).
This is beause, in the low-energy limit, disrete-lattie
eets still persist, whih indue slight deviations of ef-
fetive behavior away from the exat value z = 3. In
summary, it is only in the very low-energy limit ω ≤ 1.0
that the d = 3 SG N(ω) indeed exhibits the ω3 depen-
dene harateristi of the pure AF.
Therefore, we onlude that our low-energy data
are onsistent with the indiations of Refs. 7,18, that
magnons in the d = 3 Mattis SG display the same low-
energy behavior as in a pure AF. However, the respe-
tive amplitudes dier, as is apparent by the roughly on-
stant distane between SG and AF data in Fig. 9. Writ-
ing NX(ω) = aX ω
z
(X=SG, AF), we get from our ts:
a SG/aAF = 4.1(1).
A alulation of the amplitudes, along the lines of
Ref. 3, yields a SG/aAF = (2I)
3/2 = 5.281 . . . , where
I = 1.516386 . . . is Watson's integral24. We believe the
order-of-magnitude agreement found between our numer-
ial estimate and this result is satisfatory, given that
disorder is treated only approximately in the latter ap-
proah.
V. DISCUSSION AND CONCLUSIONS
The preeding results are onsistent with our state-
ment, made in Se II, that the single-length piture whih
prevails in d = 1 annot be ported to higher spae di-
mensionalities. In order to make ontat with the one-
dimensional ase, we will refer to the indies emerging
from the analytial saling of Se. III, and from the Lya-
punov exponent alulations of Se. IVA as zL, while
those originating from the results of Se. IVB (plus the
relationship N(ω) ∼ ωd/z) will be denoted by zω.
The analytial saling preditions zL = 1 (d = 2), zL =
1/2 (d = 3), are onrmed by our Lyapunov exponent
alulations, though the width of the energy intervals for
whih saling holds is larger for the former (5 × 10−3 .
ω L . 0.3) than for the latter (5 × 10−3 . ω L1/2 .
5× 10−2).
In d = 2, the urves of λL/L against ω are essentially
parallel for ω . 0.1, down to the lowest energies inves-
tigated; for xed ω, λL/L dereases with inreasing L.
This indiates the absene of a deloalization transition,
i.e. all modes are loalized in d = 2, in agreement with
Refs. 7,18. On the other hand, our result zL = 1 implies
that the loalization length diverges at low energies as
ℓloc ∼ ω
−1
. This is in ontrast with the eld-theoretial
predition of Ref. 7, aording to whih ℓloc ∼ ω
−1/16π
.
For d = 3, as mentioned above, the urves of λL/L
against ω ross eah other at low energies. For the
(L,L− 2) = (6, 4) pair, the rossing ours at ω ≃ 0.04,
while for (10, 8) it moves to lower energy ω ≃ 0.015. We
interpret this as a residual nite-size eet, whih will
properly vanish with inreasing L, and see no reason why
the established idea
7,18
that all exitations are deloal-
ized in d = 3 should be hallenged on the basis of suh
result.
A onnetion of our preditions for zL with the litera-
ture an be made as follows. The analysis of Refs. 3,7 was
arried out by assuming a well-dened (real) wavevetor,
thus implying the omplex dispersion relation:
ω(k) = ωR(k) + iΓ(k) . (24)
On the other hand, our TM formulation gives a spei-
ed (spatial) amplitude deay ratio λ−1 for a xed (real)
frequeny, whih then envisages a omplex wavevetor,
k = kR + i kI , λ ∼ k
−1
I . (25)
One an then plug Eq. (25) bak into Eq. (24), taking
into aount the spei dependenies of ωR and Γ on k,
and fore ω to be real in the latter.
For d = 3, one expets3,7 ωR(k) ∼ k, Γ(k) ∼ k
2
, onsis-
tent with small line broadening at low k (i.e. propagating
modes). From this, one then gets:
λ−1 ∼ ω2 (d = 3) , (26)
9so that the saling variable is indeed ωL1/2.
For d = 2, a similar argument an be made (now on
somewhat imsier grounds, beause all modes are ex-
peted to be loalized, so the real and imaginary parts of
the dispersion relation may be of the same order of mag-
nitude). Ignoring logarithmi orretions, the results of
Refs. 3,7 are: ωR(k) ∼ k, Γ(k) ∼ k, from whih we get:
λ−1 ∼ ω (d = 2) , (27)
again onsistent with the d = 2 saling variable being
ωL.
The outome of our density-of-states alulations for
d = 2 an be very losely tted, for low energies 0.05 ≤
ω ≤ 0.5, to the logarithmially-orreted form predited
in Ref. 7 (see Eqs. (22), (23), and Fig. 7). Furthermore,
one gets zω = 1 plus enhaning logarithmi orretions
(reall the eetive exponent ≃ 1.62 from Fig. 7), whih
is in line with the vanishing of group veloity (mode soft-
ening)
6
as ω → 0.
Finally, our d = 3 density-of-states results are again
onsistent with the pure AF behavior predited
3,7,18
to
hold above dc = 2. Thus we have zω = 1 in this ase.
However, the amplitudes of the low-energy power-law be-
havior dier, and we have found a SG/aAF = 4.1(1).
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